A different set of governing equations on the large deflection of plates are derived by the principle of virtual work (PVW), which also leads to a different set of boundary conditions. Boundary conditions play an important role in determining the computation accuracy of the large deflection of plates. Our boundary conditions are shown to be more appropriate by analyzing their difference with the previous ones. The accuracy of approximate analytical solutions is important to the bulge/blister tests and the application of various sensors with the plate structure. Different approximate analytical solutions are presented and their accuracies are evaluated by comparing them with the numerical results. The error sources are also analyzed. A new approximate analytical solution is proposed and shown to have a better approximation. The approximate analytical solution offers a much simpler and more direct framework to study the plate-membrane transition behavior of deflection as compared with the previous approaches of complex numerical integration. Y. Zhang, Large deflection of clamped circular plate and accuracy of its approximate analytical solutions, Sci.
Introduction
Bulge test [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and blister test [13] [14] [15] [16] [17] are two reliable methods frequently used to extract thin film mechanical properties. Residual stress and its gradients are frequently encountered in the film/substrate composite structures fabricated by wafer-bonding, low-pressure chemical vapor deposition (LPCVD), etching, sputtering and epitaxial growth [18] [19] [20] . When a film is separated from its substrate, the presence of residual stress and its gradients causes film to wrinkle or curl severely [2, 6] . Because the uniaxial tensile testing of free-standing films characterizes the mechanical properties of those without residual stress and gradients [6] , the presence of residual stress and gradients, which has significant impact on the film mechanical properties, makes it *Corresponding author (email: zhangyin@lnm.imech.ac.cn) †Recommended by YaPu Zhao (Associate Editor) very difficult or impossible for the uniaxial tensile testing. Furthermore, for films made of compliant materials, the uniaxial tensile testing is often complicated by gripping difficulties, visco-elastic creep racheting, and other undesirable mechanical responses [21, 22] . By etching a substrate [6, 9] or depositing/clamping a film on an orifice [1, 2, 17] , a freestanding structure is formed and transverse load can be applied via an indenter [6, 22, 23] or pressure [1, 2, 17] . In the bulge and blister tests, by measuring the film deflection together with the load, the mechanical properties such as Young's modulus, Poisson's ratio and residual stress can be found. Because the film suspended length/radius is allowed to vary with the load in a blister test, other properties such as the film/substrate adhesion energy can also be measured [17, 23] .
In the bulge and blister tests, film often experiences large deflection. Because the film thickness is very small compared with its other dimensions, the large deflection is usually geometrically nonlinear and elastic. The film large deflection is governed by the von Kármán equations [24] , which also applies to a pressure sensor [9, 25] , a micro-valve [26] , a microelectromechanical systems (MEMS) device [27] and the thin film delamination induced by buckling [28, 29] . Recently, the von Kármán equations are used to study the deformation of a graphene bubble [30] . Bubbles are frequently found at the graphene/silicon oxide interface [31] . Strain engineering is an effective method to alter the electronic properties of graphene, which, in this case, is to manipulate the deformation of a graphene bubble. Because of deformation, a quasiconstant pseudo-magnetic field can be generated to open a sizable gap on the electronic spectrum [31] and can thus significantly enhance the graphene application in digital electronics. A circular graphene bubble can also be used in optics as an adaptive-focus lens by controlling its deformation [31] . The nonlinear von Kármán equations with the high-order derivatives, according to Boudaoud et al. [32] , are "notoriously difficult", mainly due to the fact that there are two types of deformations: bending and stretching associated with the energies that can vary with the difference of orders of magnitude. The demand for the approximate analytical solutions is huge because of its wide application. The continuous efforts of deriving those solutions for more than one hundred years are shown in Tables 1 and 2 [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . However, as seen in Tables 1 and 2 , different researchers obtained different approximate analytical solutions. The accuracy of these solutions is of great importance for the bulge and blister tests to extract the mechanical properties of a material. Sheplak and Dugundji [44] found that with the increase of initial tension, the plate deflection experiences a transition from the plate behavior (bending-dominant) to the membrane (stretchingdominant) behavior and proposed a dimensionless parameter to indicate the transition. Komaragiri et al. [21] further differentiated the membrane behavior as two parts: linear and nonlinear membrane behaviors and used two dimensionless parameters to indicate the transition. The transition is often called linear-cubic transition [14] , which mathematically indicates the transition from w o ∝ q to w 3 o ∝ q [21, 44] (w o is the plate center displacement and q is the transverse loading pressure). As seen in Tables 1 and 2 , most researchers derived the same approximate solution for the linear range but none is the same for the cubic range. The approximate analytical solutions start with assuming certain deflection shape and radial displacement shape of a plate, which often violates the boundary conditions of von Kármán equations and thus causes the error [14] .
In this study, a new set of boundary conditions are derived by the principle of virtual work (PVW), which shows some difference with the previous ones. An analysis is also presented to show that the new boundary conditions are more appropriate. Besides the violation of boundary conditions, those assumed shapes also violate the governing equations, which is another error source. An approximate analytical solution is presented by making the radial displacement shape to exactly satisfy the governing equation with a given deflection shape. This new approximate analytical solution is shown to achieve a better approximation. As noticed by Small and Nix [1] , most of previous studies on those approximate analytical solutions assume the Poisson's ratio as a constant of ν = 0.25 or ν = 0.3, which can significantly simplify the derivation. However, the generality is lost. Therefore, we derive the approximate analytical solutions by treating the Poisson's ratio as a variable rather than a constant. With the framework of the approximate analytical solution, the platemembrane transition behavior can be analyzed and grasped much more easily. Two new dimensionless parameters are also proposed to characterize the transition.
Governing equations
Figure 1(a) shows a circular plate of radius a and thickness h, under an initial in-plane tension N o and a uniform transverse pressure q. The radial and tangential midplane strains are given as follows by using the kinematic assumptions of von Kármán plate theory [24] :
where N r and N t are the radial and tangential tensions, respectively. N r and N t can be decomposed as N r = N o + S r and N t = N o + S t [44] , where S r and S t are the incremental changes from N o . E and ν are the Young's modulus and Poisson's ratio of the plate, respectively. u and w are the radial and transverse displacements of plate, respectively. o is the initial strain due to N o , which has the following relation:
where Y = E/(1 − ν) is the biaxial modulus. The plate bending energy of V b is given as follows [24] :
where D = Eh 3 /12(1−ν 2 ) is the plate bending stiffness. Here w is assumed axisymmetric, i. e., w = w(r). The plate stretching energy of V s is given as follows: The substitution of r and t of eq. (1) into the above equation is quite lengthy and is omitted here. W e is the external work done by q and N o , which is given as follows:
where δ D (r − a) is the Dirac delta function. By applying the principle of virtual work (PVW), i.e., δ(V b + V s − W e ) = 0, the following governing equations and boundary conditions are derived:
and
The six boundary conditions are derived as follows:
It is noticed that N o has no impact on eq. (7). Here eq. (6) is a fourth order differential equation. The corresponding second and third order forms of eq. (6) are derived here for a comparison. The balance of force gives the following equation [24] :
where Q r is the shearing force given as follows:
N r is derived from eq. (1) as follows:
With the substitution of eqs. (10) and (11) into eq. (9), the third order governing equation is derived as follows:
It is readily found that the fourth order governing equation of eq. (6) can be obtained by doing the following operation of d/dr { eq. (12) } + 1/r {eq. (12) }. Eqs. (12) and (7) are the set of governing equations obtained by Timoshenko and Woinowsky-Krieger [24] . The third order governing equation of eq. (12) can be further reduced to the following second order equation by the simple substitution of θ = dw/dr:
Here
has been used. If S r and S t are used as unknown variables, eq. (7) can be decomposed into the following two first order differential equations
Physically, eq. (14) indicates the plate equilibrium of radial direction and eq. (15) is just the compatibility condition [26] . Eqs. (13), (14) and (15) are the three governing equations adopted in references [26, 44] . It is noticed that if the nonlinear term of S r θ/D is ignored, eq. (13) becomes the following by multiplying r 2 :
Here eq. (16) is a modified Bessel equation with an analytical solution [44] .
The four boundary conditions for these one second order and two first order equations are given by Sheplak and Dugundji [44] as follows:
Here we need to have a discussion on an issue raised by eq. (17), which gives the boundary condition of S r (0) = S t (0).
is a natural result rather than a boundary condition needed to be enforced. Physically, it is not that hard to think that at the plate center of r = 0, there is no difference between the tangential and radial tensions, i.e., S r (0) = S t (0). On the other hand, u(0) = 0 as given in eq. (8) must be enforced as a boundary condition [45] . Otherwise, t = u/r + o together with S r and S t will become unphysically infinite at r = 0. Chien [46] , Chien and Yeh [47] also used S r and S t as the unknown variables; S r (0) is a finite quantity and one of their enforced boundary conditions.
Approximate analytical solutions
Timoshenko and Woinowsky-Krieger assumed the following shapes for w and u [24] 
where w o = w(0) is the deflection of the plate center; C 1 and C 2 are the unknown constants to be determined. By substituting eqs. (18) and (19) into eqs. (3) and (4), we have
For equilibrium, the total strain energy V t = V b + V s needs to be a minimum, which leads to the following [24] :
from which C 1 and C 2 are found as:
Now substitute eq. (23) into eqs. (21) and (22), and apply the principle of virtual displacement (PVD) [24] , i.e.,
which leads to the following:
The first term w o is due to bending; the second term (25) is a cubic equation with the analytical Cardan solution [48] . When o = 0 and ν = 0.3, the above equation recovers the following one obtained by Timoshenko and Woinowsky-Krieger [24] :
Although Timoshenko and Woinowsky-Krieger [24] did not include the initial midplane stretching term, we refer to eq. (25) as the Timoshenko solution, which together with other approximate solutions is the cornerstone for the bulge test to extract the material properties [1] . The assumed deflection shape of eq. (18) satisfies the clamped boundary conditions at r = a, which are w(a) = dw/dr(a) = 0; at the plate center of r = 0, eq. (18) also satisfies dw/dr(0) = 0. Eq. (18) is thus referred to as the plate shape and shown in Figure 1(b) . The u solution form of eq. (19) satisfies the boundary conditions of u(0) = 0 and u(a) = 0. There are two major mechanisms causing the Timoshenko approximation to deviate (slightly) from the numerical solution. One is the truncation errors caused by the transverse and radial displacement assumptions of eqs. (18) and (19) . To reduce/eliminate the error, Way [24, 34] expanded S r and dw/dr into the power series, whose convergence was proved by Zheng and Zhou [49] . Similarly, Timoshenko and Woinowsky-Krieger provided the following general form for u [24] :
However, it is extremely difficult if not impossible to use the solution form of eq. (27) to derive something like eq. (25) . The other mechanism is that the solution form of eq. (19) actually does not satisfy the governing equation of eq. (7). Here we propose a new approximate form of u to improve the accuracy. The deflection shape of w is still approximated by eq. (18) and substituted into eq. (7), which gives the following equation:
u can now be solved as follows:
Here C 1 + C 2 r are the homogeneous solution and the last three terms of (−3 + ν)w 
Clearly, the u solution form of eq. (30) is very different from Timoshenko's of eq. (19) . Now substitute eqs. (18) and (30) into eqs. (3) and (4), V b keeps unchanged as given by eq. (21) and V s becomes the following:
By applying PVD of eq. (24), the following equation is obtained:
It is noticed that the only difference between eqs. (25) and (32) [5] presented the following deflection shape:
which is a spherical membrane shape as plotted in Figure 1(b) . Clearly, this assumed shape does not satisfy the clamped condition of zero slope. At the same time, the radial displacement still keeps the form of eq. (19) . Because the change of the solution form of w, the bending energy of V b and the stretching energy of V s become the following:
Compared with eq. (20), there are some minor changes on V s . However, V b becomes significantly smaller with the membrane shape assumption. Now repeat the same procedures of minimizing the total strain energy and PVD, C 1 and C 2 are solved as follows: (11) 7 − ν 6
which is referred to as the Small-Nix approximation. Compared with eq. (36), the linear terms are missing and the factor difference of the cubic term is also noticed. Small and Nix [1] also used the membrane model, in which there is no bending energy, to derive the following equation, which is obtained by rearranging their eq. (15) 3 4
which is referred to as the membrane approximation. There is no real solution for o < 0, i.e., the membrane structure cannot stand compression. However, it is not unusual at all that the residual stress inside a film is compressive [7] and the plate model has to be applied. Compared with the initial and further stretching terms presented in eqs. (25) and (32), there are some minor differences as ν changes from 0 to 0.5. This fact indicates that the plate shape of eq. (18) is capable of capturing the membrane/stretching behavior accurately. The approximate q-w o relation for a circular plate/membrane is often written as the following form of [1, 3] . Several of them are presented in Tables 1 and 2 . Here K 1 , K 2 and K 3 are associated with the three unknowns of E, ν and o . In a bulge test, q and w o are measured together with the plate/membrane dimensions, only two parameters of K 1 + K 2 and K 3 can be obtained by curve-fitting. This means that the unknown material properties of E, ν and o in general cannot be extracted individually from the bulge test of a circular film [11] . However, Vlassak and Nix [3] showed that for a rectangular film, these three material parameters can be extracted by changing the film aspect ratio. Here the K 1 w o term is associated with the plate bending. As seen from 
o term is associated with further nonlinear stretching of mid-plane; the problem is on this K 3 value. As seen in Tables 1 and 2 , K 3 varies significantly. This is the general trend as observed by Wan et al. [14] that the approximate analytical solution fits the numerical/real solution quite well when the deflection is small, or say, w o ∝ q and it deviates significantly when the deflection is large, i.e., w o ∝ q 1/3 .
Nondimensionalization
To nondimensionalize, the following quantities are introduced [44] :
The governing equations of eqs. (6) and (7) are now nondimensionalized as follows:
The boundary conditions of eq. (8) now become the following dimensionless ones:
eqs. (40) and (41) together with the boundary conditions of eq. (42) form a typical two-point boundary value problem, which can only be solved numerically [21, 44, 50] . Because of the terms associated with ξ −1 , ξ −2 and ξ −3 , the numerical singularity, convergence problem and extreme sensitivity to the initial guess are encountered in the shooting method and the relaxation method is thus advised [21] . Sheplak and Dugundji [44] used the analytical solution of eq. (16) as their initial guess. Here our initial guess is based on the Timoshenko approximation of eq. (25) or the new approximation of eq. (32) . It is worth pointing out these two approximations as the initial guess usually do not lead to the numerical solution within an acceptable error tolerance; our initial guess varies around these approximations; it is quite often that numerous trial-and-error tests are needed before a proper initial guess can be found.
The Timoshenko approximation of eq. (25) now becomes the following dimensionless one
Once W o is solved from the above equation, the transverse and radial displacements are readily obtained from eqs. (18) and (19) in conjunction with eq. (23) as follows:
The new approximate solution of eq. (32) presented in this study becomes the following dimensionless one:
The transverse and radial displacements of eqs. (18) and (30) become the following:
Lin's approximation of eq. (36) becomes
The transverse and radial displacements of eqs. (33) and (30) become the following in conjunction with eq. (35):
The Small-Nix approximation of eq. (37) becomes the following dimensionless one:
The transverse and radial displacements of the Small-Nix approximation share the same form of eq. (48) with Lin's; the difference is in W o , which is solved by eqs. (47) and (49), respectively. The membrane approximation of eq. (38) becomes the following dimensionless one:
Results and discussion
In this study, a/h is fixed as 20 and Poisson's ratio is taken as ν = 0.3. In Figures 2-4 , o = 1 × 10 −4 and q/E = 5 × 10 −5 . The positive value of o indicates the strain is tensile. In a bulge test, the initial compressive strain can cause the film wrinkling, which makes the property extraction of film very difficult [1, 2] . Furthermore, in the modeling aspect, the membrane model can not take compression. Figure 2 plots the transverse displacements solved numerically and calculated by different approximations. The Timoshenko approximation and the new approximation of eq. (45) (almost) overlap each other; they are also the closest ones to the numerical solution. The Lin, membrane and Small-Nix approximations all overestimate the transverse displacement, or in other words, these three approximations are with the larger flexurality. As mentioned above and indicated in eq. (43) or (45), the plate stiffness consists of three parts: bending, initial stretching and further stretching. The bending energy difference can be seen in eqs. (21) and (34), which are calculated by different deflection forms of eqs. (18) and (33) . Figure 3 plots the deflection slope of W = dW/dξ. Clearly, only the Timoshenko approximation and the new approximation of eq. (45) satisfy the clamped condition of zero slope at ξ = 1 and the other three violate. The membrane shape of eq. (33) violates the clamped condition of zero slope, which makes the structure more flexural than it should be. This is the mechanism responsible for the larger deflection of the Lin's approximation. The membrane approximation does not include the bending stiffness at all and thus makes the structure more flexural than Lin's approximation. The effect of the initial tensile stretching ( o ), which stiffens the structure, is missing in the Small-Nix approximation and makes it the most flexural. Figure 4 plots the radial displacement U. It is noticed that U obtained by the Lin and Small-Nix approximation is always positive. In contrast, the numerical study, Tim- oshenko approximation and the approximation of this study all indicate that U is positive around 0 ξ 0.69 and U is negative around 0.69 ξ 1, which has also been observed by Sheplak and Dugundji [44] . In that sense, the membrane shape approximation of eq. (33) fails to capture the variation of the radial displacement. It is also noticed that in Figure 4 , U given by our new approximation is closer to the numerical solution than Timoshenko's. Again, the explanation is that our radial displacement form of eq. (30) satisfies the governing equation of eq. (28) and Timoshenko's eq. (19) does not.
In Figures 5-7 , larger o = 1.5 × 10 −3 and larger q/E = 1 × 10 −4 are set. Figure 5 plots the transverse displacement and again, the Timoshenko and our approximations (almost) overlap; with the increase of initial strain and transverse pressure, these two approximations are still the closest ones to the numerical solution, then it is Lin's, membrane and Small-Nix approximations. The reason is still the same one as given above. Figure 6 presents the slopes. Once again, Lin's, mem- brane and Small-Nix approximations violate the clamped boundary condition of zero slope at ξ = 0. In both Figures 3 and 6 , it is noticed that the slope around the edge changes relatively rapidly, which was first noted by Friderichs [51] and then systematically studied by Sheplak and Dugundji [44] . In Figure 3 , the slope obtained by the numerical solution reaches the minimum of -1.426 at ξ = 0.62 and then increases to zero at ξ = 1; in Figure 6 , the slope by the numerical solution reaches the minimum of -1.812 at ξ = 0.67 and then increases to zero at ξ = 1. The slope variation around the edge in Figure 6 is more rapid than that of Figure 3 . Sheplak and Dugundji [44] , Tong and Huang [25] have also shown that larger o or larger q can make the slope variation more rapid. Figure 7 presents the radial displacement. The same scenario occurs again: the Lin's and Small-Nix approximations miss the characteristics of U being positive and then negative; our approximation is still better than Timoshenko's. Compared with Figure 4 , U of Figure 7 is now positive in 0 ξ 0.76 and negative in 0.76 ξ 1. Larger transverse pressure pushes the positive zone of U further towards the edge, which was also noticed by Sheplak and Dugundji [44] . These rapid change behaviors around the clamped edge are also called the boundary layer effects [26] . The plate-membrane transition behavior of deflection has been intensively studied [21, 25, 26, 44] . However, the transition behavior is demonstrated by solving eqs. (13), (14) and (15) in conjunction of the boundary conditions of eq. (17) via numerical integration [21, 26, 44] or perturbation method [25] , which, by any standard, is difficult and complex. Here we present a direct and simple approach to illustrate how this transition behavior occurs. The above comparison study on the plate deflection and radial displacement shows that the Timoshenko approximation and our approximation give good approximation under relatively small or large initial in-plane strain/tension and transverse pressure. Here the Timoshenko approximation of eq. (43) is used to demonstrate the transition behavior. eq. (43) can be broken into these following two parts as for linear and cubic approximations, respectively:
Eq. (51) is the linear part of the Timoshenko approximation, which gives W o ∝ q; eq. (52) is the nonlinear cubic term of the Timoshenko approximation, which gives W o ∝ q 1/3 . Figure 8 presents a comparison study of W o calculated by eqs. (43), (51) and (52) and W 2 are the two dimensionless parameters directly determine the solution of W o , which should be a more effective alternative for α and γ . It is also worth pointing out that all the demarcation schemes above are rather qualitative than quantitative. To quantitatively determine the contributions from different mechanisms, the analysis similar to the one presented in Figure 8 is needed.
As discussed above, some assumed displacement shapes violate the boundary conditions required by the von Kármán equations and thus become a major error source for the approximate analytical solution [14] . Now let us look at this issue from another different angle. In sect. 3, the approximate analytical solution starts with assuming the deflection shape such as eq. (18) or eq. (33) . When the deflection is small, Xiao et al. [9] found that the actual deflection shape significantly deviates from the spherical/membrane shape of eq. (33) and their cosine shape. In comparison, as shown in Figures 2 and 5, the plate shape of eq. (18) shows very good approximation. Ziebart et al. [7] showed that with the increase of residual stress, the deflection shape steadily shifts towards a membrane one. In general, Sheplak and Dugundji [44] , Voorthuyzen and Bergveld [8] showed that either the change of residual stress or that of transverse load q can change the deflection shape, which is also reflected in Figures 2 and 5 . As a result, none of the approximate analytical solution with the assumed deflection shape can accurately capture the real deflection in a wide range of o and q. It seems that the Timoshenko approximation and our new approximation of eq. (45) are the best in the intermediate deflection range of 0.1 < W o < 10. Besides the deflection shape change, there is another mechanism causing the deviation. Our approximate analytical solution together with those listed in Table 1 is based on the von Kármán kinematic assumptions of eq. (1), which is for the "large" deflection of plate. For "very large" plate deflection, the Reissner plate theory [53] applies, which changes the radial strain from r = u/r + 1/2(dw/dr) 2 + o of eq. (1) to r = u/r + 1/2[(du/dr) 2 + (dw/dr) 2 ] + o . This additional strain contribution of 1/2(du/dr) 2 changes the energy expressions of eqs. (3) and (4) and thus the differential governing equation set of eqs. (6) and (7) and that of eqs. (13), (14) and (15) . With the increase of deflection, the contribution of 1/2(du/dr) 2 becomes more and more important, which makes the above equations less and less accurate. In Figures 2 and 5 , it is noticed that W o ∝ 1, which is the intermediate range of deflection [15] and the case of large deflection. A lot of researchers have used the von Kármán equations to compute the deflection case of W o > 50. The caution should be taken on those results though there is no clear boundary between the "large" and "very large" deflections.
Conclusion
A fourth order and a second governing equations on the large deflection of plates are derived by the principle of virtual work, which also gives an extra boundary condition of the zero radial displacement at the center. We show that one of the previous boundary conditions (S r (0) = S t (0)) is unnecessary. On the other hand, the zero radial displacement at the center must be enforced. Otherwise, it will cause the singularity problem. The approximate analytical forms are derived with the Poisson's ratio as a variable and compared with the numerical integration results. The plate shape of deflection and its corresponding radial displacement form achieve a better approximation than that of assuming the membrane shape deflection in the intermediate range of plate deflection. The membrane shape violates the clamped boundary conditions of zero slope at the edge and also misses the radial displacement characteristics of being positive and then negative along the span. A new approximation method is proposed, which makes the radial displacement satisfy the governing equation with the assumed deflection shape of plate. The new approximation on the radial displacement is better than Timoshenko's. Through the nondimensionalization scheme, it is found that q/E(a/h) 4 and o (a/h) 2 are the two dimensionless parameters determining the plate deflection behavior. The Timoshenko approximation or our new approximation offers a framework, which can give a much simpler and more direct explanation on the plate-membrane transition behavior.
